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Introduction

LETTER FROM A FRIEND

“1 JusT read the little blurb about you in the Swarthmore College Bulle-
tin,” the email began. “To say it’s been awhile since we last spoke would
be an understatement. Your career has certainly been an interesting and
winding one.

“The reason I'm contacting you is to see if you can offer me some
guidance/help on solving a math problem. . . . I've written up my results
so far which I think are very interesting, and have hypothesized a solu-
tion. I'd like to share it with you if you have an interest.

“Let’s catch up.”

The email was signed Howard Stern, and I guess the first thing I have
to say is no, it was not that Howard Stern. This Howard Stern was a
classmate of mine in college, long before a certain radio personality
made the name famous (or infamous). He was a double major in math
and economics, and I was a major in math. We were both friends and
rivals. After graduation, though, we fell out of contact: he went to gradu-
ate school in economics at MIT, while I followed the siren song of pure
mathematics to Princeton University. When his email arrived out of the
blue, I had not spoken a word to him in 33 years.

Howard explained that he had made up the problem when he was a
graduate student but could not solve it. He never lost his curiosity, though.
Over the next 25 years, he had posed it to various mathematicians,
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2 INTRODUCTION

thinking that one of them must know the answer already. But none of
them did. Moreover, to his increasing frustration, none of them seriously
engaged with the problem.

But when he wrote to me, he finally found a sympathetic ear. From
the moment I started thinking about Howard’s problem, I couldn’t take
my mind offit. I spent the next 12 months working on it whenever I had
a free hour or two.

At the time, I felt guilty about all the time I was devoting to Howard’s
problem. I do have a job, after all. I'm a freelance writer, and time spent
on math puzzles is time that I'm not earning money. But I could not
resist. It had everything a math problem should have. I thought I had it
licked more than once, but every time it “fought back” and I had to go
back to the drawing board. But it never seemed impossibly hard. An
impossibly hard problem is one you have no idea how to solve. With
Howard’s problem, I had plenty of ideas, and the question was which
one would work (maybe all of them combined?).

Howard’s problem was the best gift one mathematician can give to
another: a puzzle. “Here’s something I can’t figure out; what do you
think?” But completely unexpectedly, it became for me a deeper sort of
gift. It became a chance to rewind time and reconnect to a younger ver-
sion of myself, a version I thought was lost.

Let me explain. Once upon a time, I had loved mathematics. My father
had encouraged me as a kid, posing problems on permutations and series
that were way beyond my grade level. I had lapped up the books of Martin
Gardner, whose “Mathematical Games” column in Scientific American
awakened many readers to the fun side of mathematics.

In college, my infatuation deepened. I discovered that math is more
than a compendium of fun facts or cool tricks. It is a way of thinking. In
mathematics, every statement has to be proved or at least provable. It
cannot be faked or fudged. The best proofs, the ones that bring you
closest to the truth of the matter, are also the most beautiful (or “ele-
gant,” as we like to say). Mathematics seemed to me like the last refuge
for truth and beauty, in an era when truth has become malleable and
poets have abandoned beauty.
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I admit that my view of mathematics was hyperromantic, and like
many romances it faded, bit by bit. Graduate school was a struggle. For
the first time I met people who were better at math than me. I listened
to lectures I could not understand. Fortunately,  had a mentor and dis-
sertation adviser who told me not to worry about any of that. What I
really needed, Fred Almgren said, was not to take more classes but to
get started on a problem. Only then would I find out what I needed to
know, and most likely I would have to teach it to myself.

You'll see that approach to mathematics in this book. I would say it
is the way of mathematics research, but “research” is a heavy word, laden
with the implication that you have to be a professional mathematician
to do it. Throughout this book, I will use a term that Francis Su intro-
duced in his book Mathematics for Human Flourishing: “math explorer.”
Exploring math is something anybody can do.

In some ways, math exploration is the exact opposite of classroom
mathematics. As a math student, you learn a multitude of facts and
methods, and it’s not clear what you will need them for. But as a math
explorer, everything you learn is directed by the problem you are work-
ing on. If you discover that you need to know, for instance, the Berry-
Esseen Theorem, then it doesn’t matter that you have never heard of it
before. You go out and find a book, or a colleague, or even somebody
on the internet who can explain it to you.

Also, the time frame of math exploration is measured not in minutes
but in weeks, months, or years. This is again an unfamiliar experience
for anyone who has received a conventional math education. School
mathematics is all about quickness, all about knowing the answer—or
at least, knowing how to find it—even before you start. This myth is
immensely frustrating to students who don’t get things instantly. They
absorb this poisonous message: If you can’t see the answer in 30 sec-
onds, you're no good at mathematics. After hearing this message enough
times, they give up.

How many of these students would stick around if they knew that
mathematics was like a poem, one that is never in a hurry to reveal its
true meaning? What would they think if somebody told them that
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research mathematicians spend most of their time working on problems
that they have no clue how to solve? If we knew how to solve it, then
someone else would have done it first. To solve such a problem, you
need to be patient and slow.

A beautiful role model for slow mathematics is June Huh, one of the
four recipients of the Fields Medal in 2022. (The Fields Medal is widely
considered the most prestigious award in math, a sort of equivalent of
the Nobel Prize.) In an article for Quanta Magazine, journalist Jordana
Cepelewicz interviewed many mathematicians who all agreed: Huh is
amazingly slow! You wouldn’t think he could have passed even first-year
calculus. He spends so much time on even the most elementary argu-
ments. In one case, he and two collaborators had finished a proof, but
Huh wasn't satisfied with it. He didn’t think it got to the heart of the
problem. They spent two years reworking the proof until it satisfied
Huh—and all three agreed that that the new solution was better than
the first one. In mathematics, slow and steady can absolutely win the
race. Perhaps not every time, but much more often than our educational
system built for jackrabbits would make you believe.

I have to tell you another reality: Math exploration can be extremely
frustrating. You might have to try five ideas that don’t work before you
find one that does. Sometimes you just have to put the problem aside
and come back to it later. But if you're patient enough and determined
enough, occasionally you'll get a reward. Suddenly you see how every-
thing fits together.

In 13 years as a professional mathematician, I experienced maybe
two or three such epiphanies. They always gave me a profound sense of
awe and privilege, as if for a moment I had caught a glimpse of the blue-
print for the universe.

But by the time I received Howard’s email, that era of my life was long
past. After 13 years, academia spat me out, and thus began the “interest-
ing and winding” journey that Howard had alluded to. The collapse of
my mathematical career freed me to pursue my passion for writing,
which had been with me even longer than my passion for mathematics.
With much help from friends and mentors, I reinvented myself as a sci-
ence journalist and no longer thought of myself as a mathematician.
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Only my wife would scold me sometimes, “Don’t say that! You're still a
mathematician, but you're just doing something else for a living.”

Howard’s problem proved that Kay was right. It returned to me all
the things I loved about mathematics, with almost none of the agony.
For the first time in many years, I found myself once again inhabiting a
familiar space, working on a mathematics problem. It is like reading an
enthralling mystery—but even better, because the universe itself writes
the script. You don’t know how or even whether the story will end. To
be honest, when I first started working on Howard’s problem, I didn’t
think there was an end. I just wanted to see what I could figure out. Even
as I got close to a solution, I wondered: What will be the catch? Where
will the insurmountable obstacle appear?

Of course, I am now a storyteller by trade, so I am not going to give
away the end yet. But already I can say what my reasons are for writing
this book. I'd like to write a how-to book for math explorers. Alas, such
abook is impossible, because every problem will be different. But I can
give you some useful guidelines: Do examples. Ask questions. Allow
yourself to wander, not march toward a prescribed destination. Look
for the clues left by your fellow explorers before you. Look for patterns.
Venture wild and crazy guesses and then subject them to cold and sober
scrutiny.

By telling my story, and showing you how these guidelines worked
for me, I hope I can inspire you and empower you to try them too.

The second reason for writing this story is that it’s the only math
story that is mine to tell. As a science writer, I spend my time writing
about other people’s ideas and discoveries, and Ilove doing that. But at
best, I'm only holding up a mirror to their work. First person is still the
best, the rawest, and the most intimate voice for a writer: it connects me
to you, with no intermediaries. So, call me selfish. I want to write a first-
person math story just once.

Finally, I want to tell a story that every reader can relate to, whether
you know anything about math or not. It’s the story of reuniting with
alostlove. I hope it will help you understand why math is so special to
the people who fall under its spell. And I hope my story encourages
you to rediscover and revive your own long-smoldering passion,
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whatever it may be, and no matter how odd or unusual it may appear
to others.

Before we start, I need to make one further introduction. Although
math is a profoundly creative endeavor, it is also extraordinarily difficult
to think a truly new thought or ask a truly new question. No matter how
narrow the path, no matter how obscure the question, if you look hard
enough, you will always find the footsteps of someone who has gone
before you. Everyone who has walked your path before is like a hidden
collaborator.

So it should come as no surprise to find out that Howard’s problem
was not entirely new. To find the first footsteps on this path, we have to
go back more than 2,000 years, to a legendary figure in Chinese history.
Allow me to introduce you . . . to Master Sun.
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to, 85

Monge property, hybrid, 130

Monge sum, 84, 86, 88-89; and One-
Round War, 89-90; and proof of
diagonal lemma, 88

“Most Absurd Definition Award,” 209

Mufhin Problem: dividing, 210; Gasarch
and, 212-13; inventor of, 211-12;
Master Sun’s problem and, 213-14; and
muffin community, 212-13; as
recreational mathematics, 209-11

multiplication, 33

N/4 Lemma, 168, 168-69

Nabisco, 109

naive strategy (NS), 62; all possible hands
of One-Round War in, 22, 22-23; and
payoft matrix, 63, 64-65

Nance, Dana, as author’s birth name, 30

negative term, and Great Rewrite, 173

“N equals infinity,” in idealized world, 55

Newton, Isaac, inventing calculus, 167

New York Times (newspaper), 195, 200,
203,214

New York Times (website), Numberplay
column on, 182, 186

N-factorial (NV), 32-35, 68, 83,94, 132,
167; binomial coefficients and, 35-38,
168,172

INDEX

no-gap permutations, 169

No-Gaps Conjecture, 120, 120-21; and
flattened umbrella permutation, 136-37,
137; and measurable progress solving
Master Sun’s problem, 136; proof of,
175; reader on, 187; strategy for proving,
163, 164

No-Gaps Theorem: ballpark estimate of 10
million for N in, 190; proof of, 175-77

“no matter how” statement, 33

normal approximation, 51, 51, 52; binomial
probabilities vs., 149; to identify when
“crossover” occurs, 150

normal distribution, 149

northwest rule, and delivery strategy, 83

“nuisance terms,” 169

Numberplay (blog), Muffin Problem on, 212

Numberplay column: Antonick as editor of,
200; connecting collaborators, 199; as
crowdsourcing experiment, 186-88; on
New York Times website, 182,203

number theory, Catalan, 207-8

NY Times column, 193

O’Dorney, Evan: accomplishments of,
93-94; Monge and, 95

Old Man and the Sea, The (Hemingway),
178-79

Ollivier, Frangois, and Jacobi’s paper on
linear assignment problem, 109

One-Round War, 17; all possible hands of,
using naive strategy, 22, 22-23; all
possible hands of, using Sun Bin’s
strategy, 20-22, 21, 23; cheating
detectability in, 184-85; deck of cards of
particular size in, 37; and “fill-in-the-
blanks” idea, 57; as Game of Informa-
tion, 185; Howard’s payoff and, 58;
Howard’s payoff matrix and, 73; and
lattice path, 73; Master Sun’s problem
and game of, 12, 13, 15; and Monge sum
and anti-main diagonal, 89-90; optimal
strategy for, 78; and permutation, 57;
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publication about, in The College
Mathematics Journal, 199-200;
randomness of, 18, 19; strategies of, 14;
table of optimal strategies for, 157, 158;
with ten million cards, 179-80;
three-card version of, 23

Pacific Journal of Mathematics (journal), 207

paper, wasted, 145

parental psychology, 32

Parker, Matt, as author and YouTube
personality, 205

Pascal, Blaise, and triangle, 42, 43. See also
Pascal’s Triangle

Pascal’s Triangle, 69, 74, 111; bell curve
and, 50-53, SS; “big reveal” of, 144, 144;
binomial theorem and, 43-44; and
fractals, 45-46, 46; generating, 48;
hockey sticks in, 48, 49; “hook-sum” rule
and, 48; and magic trick, 46-47; N-th
row of, 44; and payoft, 166-67; Stern’s
Pyramid and, 77-78, 115; and sums of
diagonals in payoff matrix, 160; terms
for, 145, 146; in three dimensions,
48-49; tilted rows of, 44-435, 45; and
trinomial coefficients, 48; zero-th row
of, 44

Pascal’s Triangle Algorithm, 147, 148, 179;
and binomial coefficients, 156; and
“crossover” point, 156; and inequality,
155-56; proof of, 151; using, without
modification, 152; visual representation
of, 148-51, 149

payoff(s): and N/4 Lemma, 168-69; and
Pascal’s Triangle, 166-67

payoft matrix, 59-60, 84; chevrons and,
111-14; definition of, 57; diagonal sums
in, 139-40; and probabilities, 60-61;
relation to cost matrix, 83-84, 102;
Stern’s pyramid and, 77, 111-14; use of,
in evaluating strategies, 61

Pelikén, Jozsef: Discrete Mathematics, 155;
Theorem 5.3.2 of, 155, 156
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permutation(s), 35; cycle and, 130;
identity, 128; and input-output machine,
124; and One-Round War, 57; payoffs of,
129; symbols of, 128, 129, 129

permutation matrix, 17, 62, 78, 124, 12§

Phillips, Bum, on rival coach, 21, 21n1.

See also Bum Phillips Principle

Pigeonhole Principle, 211

Pingala, Acharya: computing Pascal’s
Triangle, 111; and jagati, 39; and
“N-choose-k,” 42; prastar of, 39; and
procedure for filling row, 41-42; rule
of, 39-42

Pingala’s rule, 44

pizza delivery problem, 80; and destina-
tions, 89; and dining room shape, 81-82,
82; and “greedy algorithm,” 81; and
Monge’s principle, 80-82; and northwest
rule, 83; and power of Monge’s principle,
82-83; and waiters’ paths, 80-81, 81

Polya, George, background of, 198-99

Pélya Award, 197, 198-99

Polymath 8,214

Polymath 16,214

Polymath Jr., 214-15

Polymath Project, Gowers and, 214

polynomial function: of bar code position,
171; rate of growth of, 171

porism: description of, 197-98; paper on,
197; schematic of, 198

positive term: factor of, 174-75; and Great
Rewrite, 173

postmodernism, 38

prastar, Pingala on, 39

pre-“artificial intelligence” computer, 24

Princeton University, 1, 28, 56, 87, 101,
108,202

Prinz, Jacob, Gasarch and, 213

Prison Mathematics Project, Havens’s,
215-16

probabilities, payoff matrix and, 60-61

probability distribution, 50; bell curve
in, 149
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probability theory, uncertainty and
expectation in, 18
Propp, Jim, Frank and, 212

Quanta Magazine, 4

quantum mechanics, matrix mechanics
as, 58

quarks, 58

Quintanilla, John, Pascal’s Triangle magic
trick by, 46-47

Records of the Grand Historian (Sima
Qian), 11

recreational mathematics, 209. See also
Muffin Problem

red herring(s): as “dead end,” 100;
definition of, 100; and Hungarian

Algorithm, 100-110; and self-generating

matrix, 110-15
remblais (space to be filled), 79, 97
research, as word, 3
research experiences for undergraduates
(REUs), 215
ringers, and Shape Theorem, 91-92

sacrificial cards, and Shape Theorem, 91-92

Sanskrit poetry, 38, 39

school mathematics, 3

science textbooks, 99

Scientific American (magazine), 195;
“Mathematical Games” column in, 2

Scripps National Spelling Bee (2007),
O’Dorney as winner of, 93

secret weapon: diagonal sums below
anti-main diagonal of payoff matrix and,
139, 140; finite-differences method as,
141-44, 142, 143, 144; payoff matrix for
One-Round war with three cards and,
138-39

“Shalosh B. Ekhad” (computer), Zeilberger
on combinatorics and, 181-82

Shape Theorem, 27,28, 78, 121;

decreasing-increasing property of,

INDEX

90-91, 91; exponential function in, 94;
Howard and, 127; and local maxima vs.
global maxima, 93; and maximum
payoff, 91; and progress in solving
Master Sun’s problem, 134, 136; and
“ringers” and “sacrificial cards,” 91-92;
umbrella-shaped permutation in, 162

Sheffer, Adam, Polymath Jr. organized by,
215

Sierpinski gasket: fractal pattern of, 45-46;
Pascal’s Triangle as, 46

Sima Qian, Records of the Grand Historian, 11

Skinner, Chris, on doubly absurd numbers,
207

slow mathematics, Huh as role model for, 4

Smolyak, Daniel, Gasarch and, 213

Sports Illustrated (magazine), 30

square, birth year as perfect, 204-5

square pyramid, Stern’s Pyramid as, 49

square root, age as perfect, 204-5

standard normal distribution, 51

Stanford University, 189

Stern, Howard: and backgammon players,
17, 19; and bucket list problem, 20, 64,
201-2; and Central Limit Theorem, 53;
as college classmate, 1-2; communica-
tion with, 116,200-201; death
announcement of, 201; and Master Sun’s
problem, 55; and Master Sun’s problem,
his version of, 17, 17-19; and math
problems, 16; math problem of, 3, 6, 12;
on uncertainty due to upsets, 19; writing
style of, 28, 29. See also Howard’s
problem

Stern-Mackenzie One-Round War, 183, 186

Stern’s Pyramid, 48-49, 56, 69, 111;
Pascal’s Triangle and, 77-78, 115;
self-generating property of, 114; side
view and cross-section of, 77; as
three-dimensional construct, 77

Stirling, James, and Stirling’s formula,
167-68; and “mysterious” factor of
1.07, 168
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Story of Mathematics in 24 Equations, The
(Mackenzie), 182

Su, Francis, Mathematics for Human
Flourishing, 3

subatomic physics, Standard Model of, 123

Sun Bin (Sun of the Kneecaps), 184; advice
of, 9-10; escape of, 9; legend of, 187;
and optimal strategy, 16; punishments
on, 9; story of, 110; strategy of, 12. See
also Master Sun

Sun Bin’s strategy, 61; and all possible
hands of One-Round War, 20-22, 21,
23; and sacrificing worst card, 92

Sun Tzu: The Art of War, 9, 11; on warfare, 10

Swarthmore Bulletin (magazine), 1,201, 202

Swarthmore College, 28, 209

symmetric permutation, 126

symmetry breaking phenomenon, 122-23

Symmetry Conjecture, 119, 119-20,
121,130

Symmetry Theorem, 119, 130; Howard on
proof of, 189; nonlocality of construc-
tion behind, 132-33; and progress in
solving Master Sun’s problem, 134, 136;
proof of, 133; and umbrella-shaped
permutation, 134-35, 13§, 162-63, 163

Tartaglia, Nicolo, and triangle, 42, 43

taxicab geometry, 69-78; and “bottleneck,”
74-75, 75; and half-square triangle, 70,
71; and lattice paths, 69-76, 73

Tian Ji (General): chances of winning of,
11-12; and horse racing with King Wei,
7-10; tattooed man and, 7-9

Tokieda, Tadashi, and physics paradoxes at
Gathering, 196

Treatise on the Arithmetical Triangle
(Pascal), 42

triangle. See Eternal Triangle

trinomial coefficients, 48
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UC Santa Cruz, Science Communication
Program, 28

Ukelele Club of Santa Cruz, 184

umbrella-shaped permutation, 119-20,
134-35, 162

uncertainty, and probability theory, 18

Universe in Zero Words, The (Mackenzie),
182

University of Arizona, 19

University of Maryland, 212

University of Massachusetts Lowell, 212

University of North Texas, 46

US Mathematical Olympiad (2008),
O’Dorney as winner of, 93

Vanderbilt University, 29

Vesztergombi, Katalin: Discrete Mathe-
matics, 155; Theorem 5.3.2 of, 155, 156

view from infinity, 154, 156, 191

Visions from San Francisco Bay (Milosz),
161-62

visual representation, of Pascal’s Triangle
Algorithm, 148-51, 149

Vitale, Dick, profile of, 30, 31

wagers, on horse racing, 8-9

Warring States period, in China, 7

West Coast Number Theory Conference
(2019),209

Whale Geometry, 182, 183

World War 11, 188

writing passion, mathematics career and,
4-5

wu xing (Five Punishments), 7

Yang Hui’s triangle, 42, 43
Zeilberger, Doron, on combinatorics and

computer “Shalosh B. Ekhad,” 181-82
Zhang, Yitang, and number theory, 214
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